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Maxwell’s Equations

• Maxwell’s famous equations are comprised from 4 
main expressions that are a generalisation of many 
different experimental results

• They form the basic laws of electromagnetic theory
• We need an overview of them in order to describe 

light, and light-matter interactions
• To begin we need to consider some basics from a 

classical viewpoint
• A stationary point charge, q, interacts with electric 

field E , and experience force: FE = q.E



Maxwell’s Equations

• A different point charge that moves with velocity v, 
experiences another force FM∝ v

• We can think of this force as the magnetic 
induction field (or just the magnetic field), B

• This force is equal to: FM = q.v x B
• If FM and FE act on the charge at the same time 

then the particle feels total force:
F = q.E + q.v x B



Maxwell’s Equations
• 1) Maxwell-Faraday Induction Law
• A time varying magnetic field induces an electric 

field

Time-varying magnetic field

vector normal to surface, S

Line integral around line C
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Maxwell’s Equations
• 2) Gauss’s Law (aka Gauss’s Flux Theorem)
• The net electric flux through any closed surface is

equal to 1/e0 x net electric charge 

E • dS = 1
ε0

q∑
A
!∫∫

• The electric flux is the flow 
of the electric field in area

• e0 is dielectric constant – a 
measure of resistance 
encountered forming an 
electric field

Surface integral over area A



Maxwell’s Equations
• 3) Gauss’s Magnetic Law
• The magnetic field B does not diverge/converge 

towards a magnetic charge (monopole)
• Rigorous investigations for decades have found no 

evidence for the magnetic monopole
• So the flux of the magnetic field through a surface 

is zero:

• Magnetic fields should instead be described by 
current distributions

B• dS = 0
A
!∫∫



Maxwell’s Equations
• 4) Ampère’s Circuital Law
• A time varying electric field will 

be accompanied by a magnetic field

• Where permeability is the degree of magnetisation of a material 
in response to a magnetic field

Current density

Permeability
Dielectric constant for
the medium, i.e. how far
electric field permeates into medium
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Electromagnetic Waves
• The interdependence of E and B is very clear from 

Maxwell’s equations
• A time varying E field generated a B field
• If the E field changes direction, the B field will 

also, but remains perpendicular to E
• The interdependence is also true between B and E
• Therefore E and B fields will be transverse EM 

waves with E and B propagating in the same 
direction

• E and B fields are the two components of 
electromagnetic fields- the source of which is a 
point charge



Electromagnetic Waves

• In free space the velocity of all EM waves is given by:

• e0 and µ0 are known, and thus the speed of light in a 
vacuum, c, is 2.997,924,58 x 108 ms-1

v = 1
ε0µ0



Transverse Waves
• Consider a linearly polarised EM harmonic plane 

wave with the E field propagating along the x-axis 
with speed c and oscillates in y.

• The B component oscillates in phase and along the 
z-axis

• Bz and Ey only vary by a scalar c: Ey = cBz

Ey is the magnitude of E projected
onto the y-axis

Bz is the magnitude of B
projected onto z-axis



Poynting Vector
• How much energy can the field store? We need to 

consider the energy density, u, the radiant energy per 
unit volume

• We can compute these for E and B fields:
• uE = (e0/2)E2 and uB = (1/2µ0)B2

• Knowing E = cB and c =1/(e0µ0)1/2 we can show:
uE = uB and u = uE + uB

• This means that the energy is shared equally between 
electric and magnetic fields

• Further: u = e0E2 or u = B2/µ0



Poynting Vector
• Let S represent the power (energy/ 

unit time) associated with the EM 
wave across a unit area

• Making the reasonable assumption 
that the energy flows in the same 
direction as the propagation axis 
and has vector S (Poynting vector): 

• For a harmonic plane wave:
S = c2ε0Ecos(k • r −ωt)× Bcos(k • r −ωt)

S = c2ε0E × Bcos2(k • r −ωt)

S = c2ε0E × B

• And represents the instantaneous flow of energy per unit 
area per unit time.



Irradiance
• The average energy per unit area per unit time is 

known as the irradiance, I
• Very important when considering what a photodiode 

or light sensor actually measures!
• This is a time averaged value, the magnitude of the 

Poynting vector,        is a measure of I
• For a harmonic field, 
• The cos2 component = ½ if T is large cf. 1/w
• Therefore: 

• Which means that the irradiance is proportional to 
the square of the amplitude of the electric field

S T

S T = c
2ε0E × Bcos2(k • r −ωt)

I = S T =
c2ε0
2

E0
2



Photons
• "It seems as though we must use sometimes the one 

theory and sometimes the other, while at times we 
may use either. We are faced with a new kind of 
difficulty. We have two contradictory pictures of 
reality; separately neither of them fully explains the 
phenomena of light, but together they do". – Einstein

• Each photon has an Energy, E, that is quantised: 
• E = hn

• h is Planck’s constant = 6.626 x 10-34 Js-1

• n is the frequency of light in s-1

• Photons are stable, chargeless, massless, 
elementary particles that exist only at speed c



Photons

• Photons cannot be observed directly; what is 
known of them comes from observing the result of 
them being created or annihilated

• When a very large number of photons occupy the 
same state, the inherent granularity of light 
vanishes and the EM field appears as a continuous 
wave

• Different monochromatic plane waves represent 
different photon states, i.e. different frequencies of 
light



Electromagnetic Spectrum



Induced Dipole
• When EM waves fall on an atom or molecule the electric 
field disturbs the electron cloud around the nuclei

• The situation is analogous to bringing a charged particle 
close to an electric field

• When the field is applied from the top
the positive charge density is attracted
towards it, and negative density
repelled- creating a dipole

• If the field is applied on the bottom,
we observe the opposite effect

• In the situation where the field oscillates between upper 
and lower positions, the induced dipole will oscillate with 
the frequency of the field



Light-Matter Interaction

• The oscillating E field of EM radiation 
acts in a similar way and creates an 
oscillatory dipole in the matter

• The dipole moment is created in the 
direction of the E vector of light

• If the frequency of light is resonant 
with the energy levels of the molecule, 
the energy can be absorbed, creating 
oscillating dipole moment µ (transition 
dipole moment)



Absorption
• Let a molecule have two energy states E1 and E2, 

where E2 > E1.
• The frequency required to excite the molecule 

from E1 to E2 = hn = E2-E1
• Lets expose the system in E1 to 

radiation with density of r(n)
• The rate of change in E2 population

due to induced absorption is given by:

• B12 is the Einstein B coefficient for
induced absorption and N1 and N2 are the number 
of molecules in states E1 and E2, respectively.

dN2

dt
= N1B12ρ(ν )



Stimulated Emission
• The probability of returning back to E2 has two 

components
• Stimulated emission is the first we shall consider
• For N2 particles in E2:

• Here the emitted photon travels
co-linear with the incoming radiation

• B21 is the Einstein B coefficient for
stimulated emission

dN2

dt
= −N2B21ρ(ν )

E2

E1



Spontaneous Emission
• Conversely molecules may spontaneously emit 

from E2, in any direction. The population decay is 
independent of any external radiation field:

• A21 is the Einstein A coefficient for
spontaneous emission

• At equilibrium the two rates are equal:

dN2

dt
= −N2A21

B12N1ρ(v12 ) = A21N2 + B21N2ρ(ν21)

E2

E1

• For this specific two level system n12 = n21



Einstein A and B Coefficients
• So by re-arrangement we get the ratio of the 

excited and ground state populations:

• The ratio of the number of particles in the two 
energy levels can also be given by the Boltzmann 
distribution law:

N1
N2

= e−(E1−E2 )/kT = ehν /kT

N1
N2

= A21 + B21ρ(ν )
B12ρ(ν )



Einstein A and B Coefficients
• And re-arranging and substituting:

• But Planck got here first from the energy 
distribution of black body radiation at temp, T:

• Thus                                   and A2→1 =
8πhν 3

c3
B2→1B1→2 =

N2

N1
B2→1

ρ(ν ) = A21 / B21
N1
N2

B12
B21

ehν /kT −1

ρ(ν )dν = 8πhν
2

c3
hν

ehν /kT −1
⎛
⎝⎜

⎞
⎠⎟ dν



Spin and Vibrations
• Singlet and triplet states in atoms:

• Quantum mechanically: DS = 0 (also: Dℓ = ±1)
• For systems with more than one nuclei, we have to 

worry about nuclear degrees of freedom, i.e. (ro-)
vibrational states.
• For linear molecules with N atoms: 3N−5 vibrational 

states
• For non-linear molecules: 3N−6 vibrational states

� �



Jablonski Diagram
• For more than two states, we can think in terms of a 

Jablonski diagram (which includes ro-vibrational levels)


